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1
$S$ $B$
$f$ : $Sarrow B$ $g\geq 2$ 1 $f$ $g$




$f$ $(f, F_{P})(F_{P}=f^{-1}(P), P\in B)$
$\sigma(f, F_{P})\in Q$
Sign $(S)= \sum\sigma(f, F_{P})$
?
$\sigma=0$ “
” $0$ $\sigma(f, F_{P})$
$g=2$ [34], [25], [17] [18]
$f$ : $Sarrow B$ 2
( $0$ ) $\sigma(f, F_{P})$ :




$F_{P}$ Lefschetz ( 1 2 )




$F_{P}$ $\sigma$ Lefschetz $a$
































( ) $=$ ( ) $+$ ( ) (2)
[6] [4]
(2)
Miles Reid [30] , [22]









$K_{S}^{2}$ $K_{S}$ $\chi_{top}(S)$ $S$
$f$ $K_{S}$ $K_{S/B}=K_{S}\otimes f^{*}K_{B}^{-1}$ ,
$\chi_{top}(S)$ $\mathcal{E}(S)=\chi_{top}(S)-(2-2g)(2-2g(B))$
7 ($g(B)$ $B$ ) $K_{S/B}^{2}=K_{S}^{2}-8(g-1)(g(B)-1)$
(3)




$\lambda(f)$ $f$ Hodge (4), (5)
Sign$(S)=4\deg\lambda(f)-\mathcal{E}(S)$ (6)
(6)
2.2 Deligne-Mumford [10] $\overline{M_{g}}$ (6)
$\overline{M_{g}}$ Hodge $\lambda$ orbifold
$\pi$ : $\overline{C_{g}}arrow\overline{M_{g}}$ $\lambda=\det\pi_{*}\omega_{C_{g}/\overline{M_{g}}}$
[10] (3 ) $P^{\nu-1}$
Hilbert
$H_{g}$ $p:Z_{g}arrow H_{g}$ $PGL(\nu)$
$H_{g}$ $H_{g}/PGL(\nu)$ $\overline{M_{g}}$ 9
Pic $(\overline{M_{g}})\otimes Q\simeq Pic_{func}(\overline{M_{g}})\otimes Q\simeq$ Pic $(H_{g})^{PGL(\nu)}\otimes Q$ (7)
7 Meyer-Vietoris $\mathcal{E}(S)=\sum\{\chi_{top}(F_{P})-(2-2g)\}$
$F_{P}$
8 $O_{S}$ Leray spectral Grothendieck $S$
9 Harris-Mumford [14]p.50, Harris-Morrison [15]p.141
$Z$
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$\det p_{*}\omega_{Z_{g}/H_{g}}$ $\overline{M_{g}}$ Picard
$\lambda$ ( (7) 3 PGL$(\nu)$ - )
Picard
$\overline{M_{g}}$ $\delta=\overline{M_{g}}\backslash M_{g}$ ( $M_{g}$ locus)
$\delta=\sum_{i=0}^{[_{2}^{2}]}\delta_{i}$
$\delta_{0}$ Lefschetz $\delta_{i}(1\leq i\leq[g/2])$
$i,$ $g-i$ Lefschetz locus $10_{o}$
2.2.1 ([31], [71) Pic $(\overline{M_{g}})\otimes Q$
$\mathcal{D}_{sign}:=4\lambda-\delta$
$11_{O}$
$f$ : $Sarrow B$
$f$ $(-1)$ -
$(-2)$ - contraction $Sarrow\hat{S}$ $f$ : $\hat{S}arrow B$
$\hat{S}$ A 2
$\mu_{f}$ ; $Barrow\overline{M_{g}}$ $P\in B$ $\hat{f}^{-1}(P)$
$\overline{M_{g}}$
$\mu_{f}$
222 $f:Sarrow B$ :
Sign $(S)= \int_{B}\mu_{f}^{*}c_{1}(\mathcal{D}_{sign})$ .
$c_{1}$ (orbifold ) 1
(6) $\mathcal{E}(S)$ $\mu_{f}^{*}c_{1}(\delta)$
$\mathcal{D}_{sign}$ I. Smith [31] (1999 )
1 $C^{\infty}$-Lefschetz $f$ : $Sarrow B$
$f$ $C^{\infty}$
1




$C^{\infty}$ -Lefschetz Donaldson Gomph
1 - - Meyer
$f$




gon $(C)$ $:= \min$ { $\deg f;f$ $C$ }
gon$(C)\leq[(g(C)+3)/2]$
$g=2k-1(k\geq 2)$ Harris-Mumford
$\overline{\mathcal{D}}_{HM}$ $:=\{[C]\in M_{g}$ ; gon$(C)\leq k=(g+1)/2$ $\}$ $\overline{M_{9}}$
$\overline{\mathcal{D}}_{HM}$ $\overline{M_{g}}$ Weil










13 $\overline{\mathcal{D}}_{HM}$ $\overline{M_{g}}$ $13\lambda-2\delta$
$(13-a)\lambda-2\delta(a>0)$ Hodge bigness
big $+effective$ $OK$ $\overline{\mathcal{D}}_{HM}$
32
$g=2k(k\geq 2)$ $\overline{\mathcal{D}}_{HM}$ 2
locus
$C$ $|L|$ $V$
$\rho_{V}$ : $V\otimes H^{0}(C, K_{C}\otimes L^{-1})arrow H^{0}(C, K_{C})$
(‘ ” (Brill-Noether )
$V$ “Petri ” $\overline{M_{g}}$ locus $\overline{E_{k+1}^{1}}$
$\overline{E_{k+1}^{1}}$ $:=$ { $[C]\in M_{g}$ ; $k+1$ $|L|$ Petri } $\subset\overline{M_{g}}$
Weil Eisenbud-Harris
$a,$ $b_{i}(0\leq i\leq k),$ $c$
$c= \frac{2\cdot(2k-2)!}{(k+1)!(k-1)!}$ , $a=c(6k^{2}+13k+1)$ ,
$b_{0}=ck(k+1),$ $b_{1}=c(2k-1)(3k+1),$ $b_{2}=3c(k-1)(4k+1)$ ,
$3\leq i\leq k$ :
$b_{i}=-(i-2)ib_{1}+ \frac{(i-1)ib_{2}}{2}+\frac{(i-1)(i-2)\cdot(2k-2)!}{k!(k-1)!}-\frac{2(i-1-2\ell)(2\ell)!(2k-2-2\ell)!}{(\ell+1)!\ell!(k-1)!(k-\ell+1)!}[\frac{i-2}{\sum 2}J\ell=1^{\cdot}$













$(M, \partial M)$ $4k$ $M$ $4k-1$ $\partial M$
$h_{M}$ Sign $(M, \partial M)$
$H^{2k}(M, \partial M)$ $H^{2k}(M)$
$L(p_{1}, \cdots,p_{k})$ $M$ Pontrjagin $L$ $\partial M$
$\phiarrow(-1)^{k+p+1}(*d-d*)\phi$ , $(\phi$ $2p$ $)$
( $*$ $h_{\partial M}$ Hodge $*$ )
$\{\lambda\}$ ( )
$\eta(s)=\sum_{\lambda\neq 0}\frac{sign\lambda}{|\lambda|^{s}}$
${\rm Re}(s)>-1/2$ $s=0$ $\eta(0)$ $\eta(\partial M, h_{\partial M})$
3. 1. 1 (Atiyah-Patodi-Singer)












$f$ : $Sarrow\triangle=\{t\in C||t|\leq\epsilon\}$ $g$ $(\epsilon$
) $S$
$f^{-1}(t)(t\neq 0)$ $g$ $F=f^{-1}(0)$
$F$ $(-1)$ $F$ 3
$f$ $\partial f$ : $\partial Sarrow\partial\triangle\simeq S^{1}$
$f$ $f^{-1}(\triangle^{*})arrow\triangle^{*}=\triangle\backslash \{0\}$
$S$ $h_{S}$ $\partial S$
( $h_{S}$ )
$f$ $\tilde{f}:\tilde{S}arrow\triangle\sim$ $\tilde{S}$ $\triangle$ $S$ $\triangle\sim$
$\rho$ : $\triangle\simarrow\triangle$
$N$ 9 $h_{\tilde{s}}$ $\partial\tilde{S}$ $h_{S}$
32.1 $f$ Lsd$(f, F)$ :
Lsd$(f, F)=$ Sign $(S, \partial S)+\eta(\partial S, h_{\partial S})-\frac{1}{N}\{$Sign $(\tilde{S}, \partial\tilde{S})+\eta(\partial\tilde{S}, h_{\partial\tilde{S}})\}$ .
([9] II, Theorem 2.4)
$S$ $\tilde{S}$ 1 Pontryagin $p_{1}(S),$ $p_{1}(\tilde{S})$
3.1.1





Nielsen [27], -Montesinos [24] )
$\mu=\mu_{f}$ : $\Sigma_{g}arrow\Sigma_{g}$ , ( $\Sigma_{g}$ $g$ )
$f$ (
) $\Sigma_{g}=A\cup B$ $\mathcal{A}_{j}$









$\vec{C}$ $R$ $\sigma=\sigma(\vec{C})(1\leq\sigma\leq\lambda-1)$ $\mu^{m}$
$\vec{C}$ $(R, \mu^{m\sigma}(R), \mu^{2m\sigma}(R), \cdots, \mu^{(\lambda-1)m\sigma}(R))$
$\delta=\delta(\vec{C})$




$(m(\vec{C}), \lambda(\vec{C}), \sigma(\vec{C}), \delta(\vec{C}))$ $[\mu]$
$\vec{C}$ valency $14_{o}$
$Q$ $B_{i}$ $m(B_{i})$ $\mu^{m(B_{i})}|_{B}$ . $=id_{B_{i}}$
$m(B_{i})$ $m=m(Q)$ $\mu^{m}(Q)=Q$ $Q$
$\mu$
$\mu^{m}$ $Q$ $D_{Q}$
$\partial D_{Q}$ $\Sigma_{g}$ 15 $\partial D_{Q}$
14Nielsen $(m(\vec{C}), \lambda(\vec{C}), \sigma(\vec{C}))$ $\vec{C}$ $[\mu]$ valency
15[24] [5]
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valency $Q$ valency $(m(Q), \lambda(Q), \sigma(Q), \delta(Q))$
$\mathcal{A}_{j}$
$\partial \mathcal{A}_{j}=\partial \mathcal{A}_{j}^{(1)}LI\partial \mathcal{A}_{j}^{(2)}$
$\mathcal{A}_{j}$
valency 2 valency $(m(\partial \mathcal{A}_{j}^{(k)}), \lambda(\partial \mathcal{A}_{j}^{(k)}), \sigma(\partial \mathcal{A}_{j}^{(k)}), \delta(\partial \mathcal{A}_{j}^{(k)}))$ (
$k=1,2)$ $(m(\mathcal{A}_{j}), \lambda^{(k)}(\mathcal{A}_{j}), \sigma^{(k)}(\mathcal{A}_{j}), \delta^{(k)}(\mathcal{A}_{j}))$




$\gamma$ $\mu^{\gamma}|_{\partial A_{j}}$ $\gamma$
$\alpha$
$\mu^{\gamma}$ : $\mathcal{A}_{j}arrow \mathcal{A}_{j}$ ( $e$ 16) Dehn twist $\mathcal{A}_{j}$ screw
$s(A_{j})=e\alpha/\gamma$ screw 2 valency
$-1$ $K(\mathcal{A}_{j})\geq-1$
$s(A_{j})=-\frac{\delta^{(1)}}{\lambda^{(1)}}-\frac{\delta^{(2)}}{\lambda^{(2)}}-K(\mathcal{A}_{j})$
Nielsen [27] -Montesinos [24] 17 3 $\mu$






(i) $\sim$ (iii) Nielsen- -Montesinos
32.1
16 Dehn twist




Lsd $(f, F)=- \frac{1}{3}\sum_{[B_{l}]}\sum_{\alpha=1}^{\varphi(i)}(\frac{\sigma_{\alpha}^{(i)}+\delta_{\alpha}^{(i)}}{\lambda_{\alpha}^{(i)}}+\sum_{j=1}^{r(\alpha,i)}K_{j}(\alpha, i))$
$+ \sum_{[A_{j}]}(\frac{\sigma^{(1)}(\mathcal{A}_{j})}{\lambda(1)(\mathcal{A}_{j})}+\frac{\sigma^{(2)}(\mathcal{A}_{j})}{\lambda^{(2)}(\mathcal{A}_{j})}+\epsilon(\mathcal{A}_{j}))+\sum_{[\overline{A_{k}}]}(\frac{\delta(\overline{\mathcal{A}_{k}})}{\lambda(\tilde{\mathcal{A}_{k}})}-2)$
1 $\mu_{f}$ $[B_{i}]$
valency $\{m_{\alpha}, \lambda_{\alpha}^{(i)}, \sigma_{\alpha}^{(i)}, \delta_{\alpha}^{(i)}\}_{1\leq\alpha\leq\varphi(i)}$ $K_{j}(\alpha, i)$
$\frac{\lambda_{\alpha}^{(i)}}{\sigma_{\alpha}^{(i)}}=K_{1}(\alpha, i)-\frac{1}{K_{2}(\alpha,i)-\frac{1}{K_{3}(\alpha,i)-\cdots\frac{1}{K_{r}(\alpha,i)}}}$
2 non-amphidrome $[\mathcal{A}_{j}]$
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